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Abstract 

In this paper we consider the finite size effects for the strings in /3-deformed AdSs x T 1 ' 1 
(jj 1 background. We analyze the finite size corrections for the cases of giant magnon and single 

^ C"| spike string solution. The finite size corrections for the undeformed case are straightforwardly 

obtained sending the deformation parameter to zero. 



^ 1 Introduction 

. After the remarkable AdS / CFT conjecture of Maldacena pQ relating the string theory on AdS$ x S 5 

to the J\f = 4 super Yang-Mills the search for less supersymmetric cases has started. One possible 
way is to consider a stack of N D3-branes at the tip of the conifold [2 J resulting in the spacetimc 
being the product AdSs x T 1,1 . The dispersion relations on the string theory side plays an 
important role, since they correspond to the large N limit of the anomalous dimension of particular 
gauge theory operators . Finding the spectrum is however a complicated task and one usually 
considers first states for which one of the string charges is infinite. This simplification can be 
seen in the light-cone gauge as a decompactifying limit, since one can rescale the worldsheet 
coordinate, such that the theory is defined on a cylinder with circumference proportional to the 
light-cone momentum (see [5] and references therein). In |4] it was shown that at large A in 
the decompactifying limit a one-magnon excitation with the finite worldsheet momentum can be 
identified with the classical string sigma model. This string solution will have infinite momentum 
and infinite energy, but the difference of the two will be finite and equal to the energy of the 
worldsheet soliton [H[3]. On the target space it corresponds to an open rigidly moving string with 
the distance of the endpoints fixed and proportional to the worldsheet momentum. This solution 
constructed in the conformal gauge was called the giant magnon [3] . The situation on the conifold 
was analyzed in [5]. 

One possible way of breaking the supersymmetry was found by Lunin and Maldacena in [5J. 
They considered a marginally deformed J\f = 4 super Yang-Mills and found its gravity dual. This 
idea was further extended in [JJ [S] and applied to other backgrounds , see [5] • 

Since all these considerations solve the theory on a plane, one can ask what is the difference 
to the physical case of a cylinder worldsheet. Such a modification can be significant, but for 
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sufficiently large size of the cylinder one can use an asymptotic construction [5] and obtain the 
finite size corrections. 

In this paper we extend our previous considerations |9j computing the finite size corrections 
for the case of giant magnons and single spikes on the 7-deformed T > . Since the deformation 
is continuous we obtain the finite size correction to the undeformed case [5] as well, simply by 
setting 7 = 0. 



2 A review of the case of infinite charges and finite size setup 

In this section we review the results of the case of infinite charges [5], reformulate some of the 
important steps of the calculations to a convenient form and make a setup for the finite size 
calculations. Setting 7 = one can recover the undeformed case AdS§ x T 1 ' and the obtained 
results translate to that case. 



2.1 Review of the infinite case 

The TsT transformations [SJ |5J [TU] of the standard conifold metric results in the metric and the 
B-field of the 7-deformed T 1,1 



= ds 2 AdS + g[\Y. ( G_1 ^ 2 + sin2 

\ z=l 



ds 2 

R 2 

,2 a -2 



^ (dtp + cos flidfo + cos 6 2 dc}> 2 y + 7 — ^ 24 " " z dip j , (1) 



B „ //sin 2 6»isin 2 6»2 cos 2 0i sin 2 9 2 + cos 2 9 2 sin 2 X \ , , 
W = lG {{ 36 + 54 ) #1 A + 

sin 2 Mos e 2 ^ A # _ cos w e 2 dh A ^ (2) 

The standard conifold metric is the one in ([T]) with 7 = and the conformal factor G in (HJ),© is 

1 / cos 2 Si sin 2 6*2 + cos 2 2 sin 2 6>i sin 2 9i sin 2 # 2 
G =1+ H 54 + 36 

Since the complete T - background amounts to a complicated set of equations of motion we 
proceed with a consistent truncation to the subspace defined by 

9 2 = , 4> 2 = const. 

The ansatz leading to a solitonic type solution is 

t = kt , 9 2 = , 4>2 = const. 
# = cj. t - i/j (y) , $ = lj^t + 4>(y) , 6 = 6 (y) , 

where y = ca — dr and setting R = 1 we restrict the metric ((T|) and the B-field © to 

ds 2 = -dt 2 + -d6 2 + — sin 2 9d(j) 2 + — (diP + cos 9d(j)) 2 
6 6 9 

(3) 
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The Lagrangian in the coordinates ^ is of the form 

l = ? + l^Lp + ? f i + (~ K - #') 2 + cV 2 ) + 



6 9 

^Gcosfl (- (oty - H ~ #') + C W) + f (- ( W V> " #') 2 + cV 2 ) + 



and the once integrated equations of motion are {A^ and below are the integration constants) 

(c 2 - d 2 ) <j>' + dujj, = * .Z n + Tt: + W0 cos 6>) 

G sin 9 

2 j2\ // , j _3(A^ -^cos6>) 7 / ./},./'-,, sm26) 



(c 2 - d 2 ) ^ + = v * . i : + ^ - ^ c K «» g + ^ 1 

Gsm 9 ' 

The Virasoro constraints [H| read off 

W) + ^ (k - #') 2 + ^v 2 ) - « 2 , 

6 9 V 2 jV d /9V d 

gcoeg(w-a^±^)=0 

and the restriction on the parameters is just 

2ck 2 = ^0^0 + A^dty. (4) 
Using the second Virasoro constraint we obtain the equation for 6 



3(c 2 -d 2 ) 2 sin 2 i 



^2cw^_7A/, ^ ^ _ (2co; - -yA^) (2cuty - ^A^) cos 3 



i ^(2o^ + 7 A ) 2 + 2 (2cu^ - jA^,) 2 + 21 A% - ^ (c 2 + d 2 ) + A^)^ cos2 <?+ 

1 / 2 3 2 

((2cw0 -7^) (2cw^ +7A^) - 54A^A^)cos5+ - I (2cw^ +7^) + - (2cw^ - jA^,) + 



18 \ 
27 (3A 2 + 2A 2 ) - — (c 2 + d 2 ) + A^) J = 0. (5) 

2.2 Finite size analysis setup 

In [9] we considered the case of infinite charges. In contrast to this case the finite size corrections 
originate from the expression 

da= ^ = - — (6) 

A) c c Ju(0) u 
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where u — cos 2 (^j^j and the worldsheet coordinate a is in the range (— w max , w max ) with w max 
hnite. Rewriting the equation of motion ([5]) in u (y) we obtain an equation accounting to the finite 
size 

u' 2 = -f 2 (u - u ) (u - ui) (u - u 2 ) (it - u 3 ) = Pi (u) . (7) 

The quartic polynomial Pi (u) on the right hand side of ([7]) has in general four different roots ui. 
In order to have a well defined derivative u' in the worldsheet integral ([5]) the integration has to 
be taken in the positive region of the P4 (u). We are looking for certain string profiles, namely 
magnons and spikes, which have one turning point. This condition in the u coordinate is simply 
u (w m ax) — utum = Uj i.e. the turning point is one of the roots Ui. Our aim is to find finite size 
corrections to the dispersion relations obtained in the infinite case, therefore the limit w max — > 00 
amounts to setting the turning point to Ut urn — 0. Looking at the following relation 



V= r ^=F[u]-F[u(0)] 

Ju(Q) W 



,(0) 

and the form of u' ([7]) it is clear that demanding y — > 00 for Ut U m — ► we actually demand 
F [u] — > 00. The latter is possible if there is another root Uk that equals u tur n at w max = 00. 

In order to have finite y for any u ^ we demand one of the roots, say uo to be uq = 0. The 
polynomial P4 (u) then changes to 

Pi (tt) = -f 2 u (u - mi) (u - u 2 ) [u - u 3 ) , 
which results in the condition — —A^. Using the notations of [5] 

i?0 = 2ccj0 + , = 2cus^ 4- (8) 

we find Pi (it) in the following form 



1 / 18 

- f B 2 - B 2 + - 27 A 2 + — (c 2 4 



u 



2 ) A,), (u^ - u 2 + 



i ((B^ - B^f 4- 81A 2 - H (c 2 + d 2 ) A^ fa - uty)J u. (9) 
The prefactor f 2 is thus 

f 2 = B * 

3 (c 2 - <Pf ' 

The solution to the equation (J7J written in the implicit form is 

du 

■■ = y, 



u3 - l/l y/u(u-Ux){u- U 2 ) (u 3 



where we set u 2 to be the turning point and it 3 > u 2 > 0. Analyzing the polynomial P4 (it) 
one finds that u\ < 0. In order to work with positive parameters Ui, it is convenient to define 
Uu = -u±. 



3 Finite size corrections 

In this section we proceed with the conserved charges. Referring to [9J for further details, we start 
with the relations for conserved charges in the finite case 

Jo c cJ U3 u' 
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Using the notations 



du 



h = I — r ; h = / u— r ; h = 



du 



2 du 
u — ; J 4 = 



1 



(10) 



we write the general expression for conserved charges 



B i ,))h+2cTB^I 2 



cE =2Tnh 
9c (c 2 - d 2 ) =T (9cL4 - c 
9c (c 2 - d 2 ) J =T (c (B - B^) - MA^) h + 2cT (Bf + B^) I 2 - 2cTB^h 

9c (c 2 - d 2 ) A =| (3cA ~d(B^- B t )) h + 7c ((2B + B^) J 2 - B^7 3 ) + 27cA / 4 



(11) 



The integrals Jj are expressed in terms of complete elliptic integrals and thus the above set 
of equations (fTTl) becomes transcendental one. From the Virasoro constraints we have 



which results in 



h 



Acj, (w0 — uty) 
2d ' 

cVdE 



(12) 



TsJlA$ (u>0 - w^) 

In order to proceed we assume that our turning point u 2 is very small i.e. u 2 1— > e — >• which 
is equivalent to having large w max and so large, but finite charges. In the rest of this paper we 
expand our calculations in e = u 2 . The turning point condition it' (e) = + O (e) 2 gives again two 
relations for the parameter Aa, defining the magnon and the spike solution 



1 



Ad, < 



243 (c 2 -d 2 )(w -^) 
Ad ((27c 2 + 12dc 7 + d 2 (f + 9)) loI + d (d ( 7 2 + 9) - 6c 7 ) w$+ 
2 (27c 2 - 3dc 7 - d 2 ( 7 2 + 9)) cj V; w ) e + O (e 2 ) 



magnon 



1 



(13) 



spike 



2c 2 

— ( W0 - Uty) + _ d2) ^ _ ^ 

4c 2 ((27d 2 + 12dc 7 + c 2 ( 7 2 + 9)) a; 2 + c (c ( 7 2 + 9) - 6dj) u 2 + 
2 {27 d 2 - 3rfc 7 - d 2 ( 7 2 + 9)) e + (e 2 ) 

Since A$ receives e-correction so does B^^B^, therefore for convenience we write them as 

B^^ = B0 M + eBl^ + O (e) 2 . (14) 

Using the above form of parameters B^^ (|14p and the expansions of the elliptic integrals (I35[) we 
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find the following expressions for the integrals : 

h V3(c?-<P) / / 16wg \ + _J_ 
1 BO0^unu 3 V \(uu + u 3 )e J Auu 



un - U3 - 4^i^uiiu 3 I log 



h = 



V3(c 2 



BO, 



SO, 



B0 a 



I 2 arctan 



f 16unu 3 
\(uii + u 3 )e 



2 (un -u 8 ) e + 



2\/3(c 2 -d 2 ) 2^Hus" 



— 2 arctan 
i>0„i 



U3_ 

Uli 



■O(e) 



is = ; 



B0 4 
Bl 4 



h =h 



■y/UnV>3 - 

6(c 2 



y/unUs + (u 3 — Mn) arctan 
Bl, 



(15) 



1 



BO 







(un — u 3 ) I arctan 



O(e) 2 



V3B0^{l + u n ){l-u 3 ) 



arctan 



V3{c 



2B0«^uiim 3 



1 + 2 1 



.Bl. 



' (1 + un)u3 
un (1 - u 3 ) 



U11U3 



BO^J V (1 + u u ) (1 - u 3 ) 



arctan 



' (l + un)u 3 
wn (1 - u 3 ) 



£ + 0(6f 



One see that the first integral I\ is divergent for e — >■ and behaves as ii| e _,, ~ — log (e). Using 
this fact we get from the integral I\ (fl~5l) 



7iVwOiiiiO 3 BO 



log 



V3{c 2 -d 2 ) 

Substituting I\ from (fT2")) and solving (JTHJ) we find 

S^cVrf v /MiiM 3 



16e £x u0nM0 3 

6 ~ — — , X. 

uOn + u0 3 



e = e/t. 



(16) 



(17) 



We can now return to the calculation of un,u 3 from \ 
first we write 

un, 3 = uOu, 3 4- euln,s 



y/E (c 2 - d 2 ) y/A<f, (w^ - Oty) 

In order to expand in the e parameter 

(18) 



The turning point condition simplifies P4 (it) = (O to the form 

u (27A0| + (u - 1)BO (uBO - BO - 2BQ^)) + e (54mAO ^1 + 27 (u - 1) + (u - 1) 
(2m 2 5O^£1 - 2u (BO^Bl^ + BO^ (Bl^ + B1+)) + BO (50^ + 2B0^))) + O (e 2 ) = 0, (19) 

where we expanded the parameter A^, in e as A&, = AO^ + eAl^,. The solution to (fT9"]l at the zeroth 
order in e , which we call tt0n i3 , coincides with the infinite case results in [9J. Thus we have 



u 3 = 1- 



BO^ 
BQ A 



B% 2 - 27 AO 2 



B0 d 



-eul 3 , -ui = Mn = -1- 



B0 n 
B0 d 



B% 2 - TIM) 2 



B% 



■ + euln (20) 



(i 



with 



ula = , (27A0! (BO - 251 ) + 54AO BO Al + 

2B%\ BO^ -27A0 2 



(2BO^S1 - 2SO B1 V; + BO 2 ) (y^ 2 - 27A0 2 + BO^)) 
win = . ~* (27A0! (BO - 2B1+) + MAQ^BQ^Al^- (21) 

(2BO^B1 - 2B%B\^, + BO 2 ) (^BO^ 2 - 27A0 2 - BO v 
In the further analysis we consider the different cases of giant magnon and single spike. 

3.1 Giant magnon 

We start with the value of A^ (fTB")) specifying the magnon solution. In order to find the dispersion 
relation we will substitute the integrals Ii from (|15p . (fT2l to the charges ITTj) . use (fT5| as well as 
the relations 

BmO^ = - - (uOn - u0 3 + 2) BrnO^ 

Bml^ =- ((-uOn + uQ 3 - 2) Bml^ + (-ul n + ul 3 + 1) BrnO^,) 

Bmit _ &y {d 2 {uO n - u0 3 + 4) 2 - 12c 2 (uO n - u0 3 + 1)) 

BmO,p " 27c (c 2 - d 2 ) (wOn - u0 3 + 4) ^ ' 

The parameters Bml a above are just BO^^ , Bl^ from (| 14[) with the value of defining the 
magnon case, i.e. Bml a = BI a \ A ^ =A , / £ {0, 1} , a 6 {0, ?/>}• Thus we obtain relations 

for J a, , Jv, accounting for finite size effects 



4 / / u0 3 \ ^ 2 (U111UO3 - U13WO11) 

: arctan W — — = £ + + e 1 



V3 VVwOiiy v V^VwOiiuOa (uOn + u0 3 ) V3\Ai0nu0 3 

d 2 £ (d 2 (uOn 2 + (2 - 14u0 3 ) ttOn + u0 3 2 - 2u0 3 - 8) - 6c 2 (uQ u - u0 3 - 2)) \ 



36 (c 2 - d 2 ) 2 (itQn + 1) (u0 3 - 1) 



( 22 ) 



and 



20iOimO 3 _ e 

V3 1 0J 36 ((c 2 - d 2 ) 2 uO n («0 U + 1) («0 3 - 1) u0 3 ) [ 

£u0nu0 3 d 2 (3c 2 ((u0 u - u0 3 ) 2 - 4) - 2d 2 (uOn 2 + (4u0 3 + 2) u0 n + (u0 3 - 4) (u0 3 + 2))) - 

6V3(c 2 - d 2 ) 2 («0u + 1) (u0 3 - 1) Vu0nw0 3 (2uuiu0 3 + (2u 13 - 1) uQ u + «0 3 )) + O (e 2 ) . 

(23) 

Above we used the charge densities Ji = Ji/T instead of charges. From the relations (|2"2"]) . (|23p we 
find at the zeroth order approximation in e 

u0 u = ^ {£ - 3J+) cot {£ + 3^)J , u0 3 = ^ (£ - tan {£ + 3^)J . (24) 

Substituting u0n. 3 (f2~4"| to the angle difference equation we recover the infinite case dispersion 
relation at the zeroth order. At the first order we find the corrections uln ;3 which can be found 
in the appendix (|37[) . The angle difference equation written in a concise form is 
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where A e = 8/S.g + Ai and the parts Ag, Ai are given in the appendix ( see 155)1 . Since we assume 
e -C 1 and thus the energy density £ being very large, we see that the coefficient Af produces the 
leading part of the correction and the Ai the subleading one. Expressing A — | {J^ + J^) 7 from 
(121))) in a concise form [5] we obtain 



<■<* ( A - - (J, + J,,) 7 j = rt^fc + 

108A £ m0hu0 3 (1 + uOn) (1 - u0 3 ) e 



c (c 2 - d 2 ) (uOn + uQ 3 ) 2 sin (A - \ {J+ + J t ) 7) 



+ 0(e 2 ). (26) 



Restricted to the first term it is just the infinite case dispersion relation. 

In order to find the dispersion relation in terms of conserved charges we must substitute 
for the e parameter from (|T7j) . Using the convenient notations R$ — (£ — 3^) , — 

^ir(£ + 3J^) , Ra = A — % + we obtain the giant magnon dispersion relation (|26D 
as 

cos {R A ) = (cos (ify) - i? sin (ify)) (l + C x £e £X + D lG £X + O (e £X ) 2 ) . (27) 

The finite size correction consists of two parts C\£e £X and D\e £X where Ci,D\ are lengthy 
expressions of R^,Ra, that can be found in the appendix (|39|) . (|4T)|) . The exponent X in (|27D 
is of the form 

2V3RJ, sin (ify) (i^ cos (2i?^) + 2 sin (Jfy)) 

A — 7 r < U, 



1 + 4i? 2 - (l + 2R 2 J cos (2i? ) - 2i? sin (2i^) 

or equivalently 

3c 2 (£-3^) 



(c 2 - d 2 ) (A + V3 (£ - 3^) cot (£ + 3^)) ) ' 
which shows exponential suppression. 

3.2 Single spike 

For the case of a single spike defined by the value of A$ (fT3"]l we use the same procedure as in 
the magnon case. In order to find the dispersion relation including the finite size correction we 
substitute the integrals Ij from (fl~5|) . (fT2|) to the relations for conserved charges (fTTjl and use the 
relations : 

Bs% =-- (uOn - u0 3 + 2) BsOt 

Bsl^ =i ((-uOn + u0 3 - 2) Bsl^ + (-win + ula + 1) Bs%) 

Bsl^ ^ c 7 (c 2 (uOn - u0 3 + 4) 2 - 12ri 2 (uO n - w0 3 + 1)) 

BsQ^ ~ 27d (c 2 - d 2 ) (uOn - u0 3 + 4) + ^ ' 

Here Bs/ a = BI a \ A A fc , I G {0, 1} , a G {0, ?/>} from (fT4"| and f| 13|) . Introducing the charge 
densities J7i = Ji /T we obtain the following expressions for the conserved charges , pip : 



4 

— = arctan 
V3 



\\ vOu) * 18d(c 2 -d 2 ) 2 (u0ii + l)(l-u0 3 ) 

Vm0hm0 3 (-2u1 3 m0ii + uOn + 2ulnn0 3 + u0 3 ) \ + ^ , 2 % ^8) 
V / 3w0ii'u0 3 (mOii + u0 3 ) / 
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and 



2Vu0im0 3 1 / 6%/3 (2itliiit0 3 + u0 3 + uO n (2ul 3 - 1)) 



c 3 £ 



(c 2 - d 2 ) 2 (uQu +i)(i_ U Q 3 ) 



[2V3c (tiOn - u0 3 - 8) V(itOn + 1) (1 - u0 3 ) 
-3d (uOn 2 - 2 (w0 3 + 2) uO n + u0 3 2 + 4u0 3 - 8))) + O (e 2 ) (29) 
Again, at the zeroth order in e we find for the parameters u0n j3 

uOn = cot f ^p^V>J , "0 3 = -|Vi7* tan J ^J (30) 

which substituted to the remaining conserved quantity, the angle difference A, gives the infinite 
case dispersion relation. From the equations (f2"5|) . (f2T))) we calculate the corrections uln^ , which 
are given in the appendix fsee l4"Tj) . Using (f3T)|) . (j4"Tj) we find 



with A e = £ Ac + Ai. The leading Ag and the subleading Ai part of A e are in the appendix 
(|42[). The other convenient form of (|5T|) reads off 

( * 3 f \ uOn - u0 3 - 2u0 3 u0n 
cos ( A - -S - - ( J<f, + J^) 7 ) = — — + 

+ 0(e 2 ), (32) 



2 2 v v ^ 7 uOn +u0 3 

f 08A £ u0im0 3 (1 + uOn) (1 - u0 3 ) e 

c (c 2 - <P) (uOn + u0 3 ) 2 sin (A - \E - \ (J+ + J^) 7 ) 



with its zero-order being just the infinite case dispersion relation for single spike [5]. 

In order to find the explicit form of the corrections we substitute for e from (|17p and for tt0n j3 
from (1311)) and obtain 

cos AS = ^ (j* sin (R^) + ^f^) (l + C X E e £X + D,e £X + O (e £X f) . (33) 

Above we used = , A6 = A - §£ - \ {J^ + J^) 7. 

The expressions for C\,D\ can be found in the appendix (|4"3")l . (|4"4")l . The exponential factor X 
is of the form 



JflJVl - 81J 2 - 36V3J cot (ify) 

X = - sin 2 (ify) ? ^ < 0. 

(2 + 27 J%) sin 2 (ify) + 3J^ + 2V3sin (2ify)) 



Since in this case < 0, negativity of the exponent is better recognizable from its equivalent 
form 

x Gcdjj, 

~ (c 2 - <P) (3 - 2V3J4, cot (R^)) ' 
and we have again exponentially suppressed contribution. 
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4 Conclusion 



In this paper we calculated the leading Unite size corrections to the dispersion relations of giant 
magnon and single spike living on the 7-deformed Sasaki- Einstein manifold T > . For the special 
case 7 = we get the finite size corrections to the undeformed case discussed in [5] . The result in 
this case has the same structure, with the difference in the i?A , A<5 parameters for the magnon 
and the spike case respectively. An interesting property of the results we obtained (|27l) . ([3"3")l is the 
leading ~ £e £X and the subleading ~ e £X part of the first order correction. Our results differs 
from the finite size correction for giant magnons in the conformal gauge on IxS 2 discussed in [3J, 
which is natural from the reduced symmetry point of view. The authors of [3] considered finite 
size corrections of a one spin giant magnon, whereas we are discussing a two spin case. If we even 
restrict ourselves to the one spin case, which is a nontrivial limit of the resulttQ, we will obtain a 
correction for the consistent subsector of the AdS$ x T 1,1 which is quite different space than the 
maximally supersymmetric AdS$ x S 5 . We restricted ourselves to the first order correction since 
higher orders behave extremely complicated. In principle however, one can carefully repeat the 
same steps and find corrections of higher order. 



A Solution to the integrals and expansions 

_ (ttp— Ml)(«3 — "2) 

solutions to the integrals Ii : 
2K(k) 



Using the following convenient notation k — ) u ° Ml j)" 3 U2 { rn = U3 " 2 we obtain the explicit 

(ill- U2){U0— «3j ' U1—U2 r 



y/{ux - U 2 ) (u - U 3 ) 



' (ttiK(jfc) + (u 3 -ui)PI(m,Jfc)) (34) 



y (ui - u 2 ) (u - u 3 ) 
1 

y/(ui ~ U 2 ) (UQ - U 3 ) 

+ (ui - U3) (uq + U1+U2+ u 3 ) W(m, kfj 



(- {ui (it! + u 2 ) + (u\ - u 2 ) u 3 ) K(k) - (ui - u 2 ) (u - u 3 ) E(k) 



2 

h = ~- 



(( U3 - 1) K(fc) + - U8 ) PI (^ffl, k 



(ui - 1) (ui - u 2 ) (u 3 - 1) 
We use the following expansions for small e : 

K (1 - e) = (2 log (2) - + i (- log (e) + 4 log (2) - 2) e ^ - ^ + O ( £ 4 ) 

E (1 - e) =1 + i (- log (e) + 2 log (4) - 1) e + ^ (-6 log (e) + 24 log (2) - 13) e 2 + 

(-5 log (e) + 20 log (2) - 12) e 3 + O (e 4 ) (35) 



: (m, 1 - e) 



2y / roarctanh (\fm) + log (^) (— 4 v / roarctanh (\/rn) + (m + 1) log ( ^) — 2) e 



2m- 2 



8(m- 1) 



2 



(12 — 5m) m + 3 (m — 6) log 171 + 48arctanh (y/m) \/m+ 

9 log ( £ ) - 36 log (2) + 21) / +0 (e 4 ) (36) 

128 (m — 1) 



^^One must carefully take the limit oj^, — > and not just turn off the charge J^,. 
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B Results and useful relations 



B.l The giant magnon case 



Using the convenient notation = s/uQuuOl , X2 = -j^- J we write the corrections itlj.1,3 
as 

, 2N 2 £ c 2 d 2 (-X1X2 2 + XI - 2X2) c 4 „ _ d 4 

(c 2 -d 2 ) uln = V '- + c 2 d 2 

V ; 4V3X2 2 (X1X2- 1) 2 2 

d 4 £ (-16X1X2 4 + 2A1 2 (X2 4 + 8X2 2 + 3) X2 + XI 3 (X2 6 - 13X2 4 - 13X2 2 + l) - 32X2 3 ) 

48V3X2 3 (X1 + X2)(X1X2 - 1) 

,, 2 c 2 d 2 (2X2 (SX2-2V3) + XI (£X2(X2 2 - l) -4^3)) c 4 d 4 

(c 2 - d 2 ) ul 3 = j= — + — + — + 

V ' AV3(X1 + X2) 2 2 

d 4 £ (XI 3 (X2 6 - 13X2 4 - 13X2 2 + l) - 2X1 2 (3X2 5 + 8X2 3 + X2) - IQXIX2 2 + 32X2 3 ) 



48\/3X2(Xl + X2){X1X2 - 1) 



(37) 



The correction term A e = £Ag + Ai in (|2"5|) consists of 

d 3 Z^u0nu0 3 



~ 324 ((tiOn + 1) (1 - uO s )) 3 / 2 (wOn 2 + 2 (5u0 3 - 2) uO n + {u0 3 + 2) 2 ) 
(wOn 4 + (8 - 12u0 3 ) uOn 3 + (-26w0 3 2 + 8u0 3 - 36) uOn 2 - 
4 (3u0 3 3 + 2w0 3 2 + 26u0 3 - 4) uO n + {u0 3 + 2) 2 (u0 3 2 - 12u0 3 + 8)) 

Al = 324 (u0n + l) 2 (u0 3 -l) (38) 
(2Z (uO n + 1) (c 3 (uOn (9 - 6u0 3 ) - 9w0 3 + 12) - 

cd 2 (-llit0 3 + uQn (2u0 3 + 11) + 20) + iV3d 3 y/- {u0 n + 1) (u0 3 - 1) 
V3d(c 2 - d 2 ) ((uOn - u0 3 + 5) (itOuuOs) 3/2 + Wu0 llU 3 3 - y/uO n u0 3 

(t*0u + l)u0 3 



Z = arctan 



uOn — u0nu0 3 



The coefficients of the leading (Ci) and the subleading (Di) part of the correction take the 
form: 

d =8V3R A esc (R A ) R\ sin 3 (Jfy) (-2i? cos (ify) - (l - Rfy sin (R^)) (3 - 2\R\ - 4i$+ 

(-4 + 22R\ + 8R§) cos (2R^) + (l - cos (4fy) + 8i? cos (ify) sin 3 (J^) + 8i$ sin (2ify)) / 
((-1 - 4i? 2 + (1 + 2i? 2 ) cos [2R i> ) + 2i? sin (2i^)) 2 (39) 
(JZ* - 3i? cos (2i^) + (-2 + sin (2i^))) 
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4i?0CSc(i? A )sin 2 (i? v ,) 



-AY {Rtj, cos (ify) + 2 sin (ify)) (2i? sin (2ify) + (2i? 2 + 1) cos (2ify) - 4i? 2 - 1) 

sin (R^) - cos (i^))" 1 ( V sin (2i^) (-22yi? A i? - 8i?/ + 38 V + 2) + (40) 
V sin (4fy) (2i? 4 - 2Fi? A i?3 - I7i? 2 + 7Fi? A i? - l) + 
4 cos (2i^) (i? (ify (i? (-5YR A R^ + 8i? 2 - 4) + 2Fi? A ) - 2) - 2Fi? A ) + 
cos (4ify) (Yfl A (8i? 4 + i? 2 + 2) + 2i? (-5i? 4 + 5i? 2 + l)) + 
36Y\R A i?/ - 9Fi? A i? 2 + 6Fi? A - 6i? 5 + 6i? 3 + 6i? ) 



with y = v /2i? cot(i?^,) - i? 2 + 1. 

B.2 The single spike case 

We find the the following form for uln ;3 



uln = = cdSuOn (c? (-u0 3 2 + uOn (uOn + 2) - 8) 

2V3(c 2 - <Pf (uOn - u0 3 + 4) 2 Vw0nu0 3 V v 11 v n ; ; 

(uOn - u0 3 + 4) + 6d 2 (-2u0n 2 + (u0 3 + 2) uOn + (u0 3 - 2) «0 3 + 4)) - ^ 



ul 3 = — ■;= cd£u0 3 (c 2 (uOn 2 - u0 3 2 + 2w0 3 + 8) 

2V3(c 2 - d 2 ) 2 (u0 u - u0 3 + 4) 2 ^u0 llU 3 V V ; 

(uOn - i*0 3 + 4) - 6d 2 (uOn - u0 3 ) (uOn + 2u0 3 + 2) - 24rf 2 ) + - (41) 



2 



The parameters Ag , Ai read of 

-4d 3 ZVu0nu0 3 



A £ =- 



3^ (uOn - m0 3 + 4) 4 (mOh 2 + 2 (5u0 3 - 2) uOn + (u0 3 + 2) 2 ) 
((4u0 3 - 3) uOn 4 + (4m0 3 2 + 4u0 3 + 2) u0u 3 + 

2 (-2u0 3 3 + 7u0 3 2 + u0 3 + 12) u0 n 2 - 2 (2u0 3 4 - 2u0 3 3 + u0 3 2 - 40m0 3 + 12) uOu- 
(u0 3 + 2) 2 (3u0 3 2 - 10m0 3 + 4)) 

Al = 27(^-^3 + 4) 2 {<f (" 0l1 - U ° 3 + 4 ) + ( 42 ) 

07 

— (2c 4 (uOn - u0 3 + 4) - c 2 d 2 (-llit0 3 + uOn (2u0 3 + 11) + 20) + 
3d 4 (uOn (3 - 2w0 3 ) - 3u0 3 + 4))) 

/ (m0ii + 1)^0 3 \ 
uOn — wOnu0 3 J 

The correction coefficients C\ , D\ for the single spike dispersion relation are of the form 

Ci = 162j|A<5csc (AS) ^4 - 27 J| - 12^3^ cot (R^) sin 4 (ify) (12 - 810j| + 1458 j£+ 
(-16 + 864j| + 2916 J%) cos (2R^) + V3 (-36 + 162j| + 2187 J$) sin (2i^) 

+ (4 - 54J~ 2 ) cos (4ify) + 18V3J0 sin (4^)) y/ ^3^^ cos (i^) - 4 sin (ify)) (43) 
(2 cos (R^) + 3V3 sin (i^)) (2 + 54 J$ - (2 + 27 jj) cos (2i^) + 6^3 J~ sin (2i^)) J 



Z = arctan 
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-3J~0 csc(A(5) sin 2 (R^) (3-y/3 J<f, sin (R^) + 2 cos (Rj,)) 
4 (3^3 ^ cos (Rj,) - 4 sin (i?^)) (6^3.7* sin (2^) - (27 J^ 2 + 2) cos (2i^) + 54 J^ 2 + 2) 

^8 (\/3A<5 (-3645J-/ + 216J~ 2 - 32) + 9YJ+ (81J~ 2 + 4)) cos (2R i ,) + 

2 (iVSAS (27 (54 J-/ + J^ 2 ) + 8) - 9YJ^ (81J^ 2 + 4)) cos (4fy) + 6(W 2 sin (2i^) 
(V3F ((2 - 9J- 2 ) cos (2i^) + 18J 2 - 2) + 6A5J+ ((27J^ 2 - 14) cos (2ify) + 22)) - 

9F (81J0 2 + 4) + 4\/3A5 (2187 - 81J- 2 + 8))) (44) 



where we used the notation Y = y — Yl\fj>J^ cot (R$) — 21J^ 2 + 4. 
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